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ISOMETRIC DEFORMATIONS OF MIXED TYPE SURFACES IN
LORENTZ-MINKOWSKI SPACE
ATSUFUMI HONDA
Abstract. A connected regular surface in Lorentz-Minkowski 3-space is called
a mixed type surface if the spacelike, timelike and lightlike point sets are all
non-empty. Lightlike points on mixed type surfaces may be regarded as singu-
lar points of the induced metrics. In this paper, we introduce the L-Gauss map
around non-degenerate lightlike points, and show the fundamental theorem of
surface theory for mixed type surfaces at non-degenerate lightlike points. As
an application, we prove that a real analytic mixed type surface admits non-
trivial isometric deformations around generic lightlike points.
1. Introduction
Let us denote by L3 the Lorentz-Minkowski 3-space of signature (+ +−). Con-
sider an embedded surface S in L3. The induced metric of S might be either
positive definite, indefinite, or degenerate. According to such properties, a point on
the surface S is said to be spacelike, timelike, or lightlike. If the spacelike, timelike
and lightlike point sets are all non-empty, the surface S is said to be a mixed type
surface.
Figure 1. The images of a mixed type surface in the Lorentz-
Minkowski 3-space L3. In the right figure, the dark (resp. light)
colored region shows the spacelike (resp. timelike) point set. The
boundary curve is the lightlike set image, cf. f1 in Example 6.3.
It is known that every closed surface, i.e. a compact surface without boundary,
in L3 must be of mixed type [28]. The first fundamental form of a mixed type
surface is a type-changing metric. Type-changing metrics are of interest both in
mathematics and theoretical physics, see references in [25, 14]. Recently, mixed type
surfaces of zero mean curvature, especially the so-called Bernstein-type property,
have been investigated intensively (see [6, 1, 2, 3] and the references therein). As
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a broader class, mixed type surfaces of bounded mean curvature are also being
studied [9, 30, 32].
Since lightlike points may be regarded as singular points of the induced metric,
methods to study singularities have also been applied to investigate lightlike points
of mixed type surfaces, cf. [27, 15, 16, 26]. In [14], the author with K. Saji and
K. Teramoto investigated lightlike points of mixed type surfaces in the way similar
to the case of wave fronts [29]. To study the behavior of the Gaussian curvature
at lightlike points, in [14], the invariants named the lightlike singular curvature κL
and the lightlike normal curvature κN were introduced (cf. Definition 2.4).
Here, we briefly review the intrinsic and extrinsic invariants. Let S be a mixed
type surface given by an embedding f : Σ→ L3 of a connected smooth 2-manifold
Σ. We denote by ds2 the first fundamental form of f , and by LD ⊂ Σ the set of
lightlike points. Then, an invariant is a function I : Σ → R, or I : LD → R, that
is, I does not depend on the choice of coordinate system of the source. Moreover,
• an invariant I is called intrinsic if it depends only on ds2. Namely, I can
be locally represented by a function of E, F , G and their derivatives, where
ds2 = E du2+2F du dv+Gdv2, and (u, v) is a coordinate defined in terms
of the first fundamental form ds2.
• an invariant I is called extrinsic if there exists a mixed type surface f˜ such
that the first fundamental form of f˜ is the same as for f , but I does not
coincide on f˜ and f .
To determine the intrinsicity and extrinsicity of invariants is one fundamental prob-
lem. In [14], it is proved that the lightlike singular curvature κL is an intrinsic
invariant. Moreover, it is also proved that the lightlike normal curvature κN is also
intrinsic if κL is identically zero along LD ([14, Corollary C], Fact 6.5). However,
it is not known whether κN is intrinsic or extrinsic, in general.
In this paper, we prove that every real analytic genericmixed type surface admits
non-trivial local isometric deformations, which yields the extrinsicity of the lightlike
normal curvature κN .
1.1. Statement of results. To be more precise, let f : Σ → L3 be a mixed type
surface. Denote by ds2 the first fundamental form of f . Lightlike points can be
characterized as the points where ds2 degenerates. On a coordinate neighborhood
(U ;u, v), the first fundamental form ds2 is expressed as ds2 = E du2 + 2F du dv +
Gdv2, and then the lightlike set LD is locally written as the zero set of λ :=
EG−F 2. A lightlike point p satisfying dλ(p) 6= 0 is said to be non-degenerate. By
the implicit function theorem, LD can be locally parametrized by a regular curve
c(t) (|t| < δ), called the characteristic curve, passing through p = c(0), where δ > 0.
Then, cˆ(t) := f ◦ c(t) is a regular curve in L3. If cˆ′(0) is spacelike (resp. lightlike),
then p ∈ LD is said to be a lightlike point of the first kind (resp the second kind).
If p is a lightlike point of the first kind, cˆ(t) is a spacelike regular curve in L3 near
p.
A regular curve c(t) (|t| < δ) passing through p = c(0) is called non-null at p if
c′(0) is not a null vector, where δ > 0. Then, we define the genericity of lightlike
points as follows:
Definition 1.1. Let f : Σ→ L3 be a mixed type surface. A non-degenerate lightlike
point p ∈ LD is called generic if p satisfies one of the following conditions:
(I) If p is of the first kind, the lightlike singular curvature κL does not vanish
at p.
(II) If p is of the second kind, there exists a non-null curve c(t) (|t| < δ) at
p = c(0) such that the geodesic curvature function κg(t) along c(t) defined
for t 6= 0 is unbounded at t = 0.
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If all lightlike points are generic, the mixed type surface is said to be generic.
The condition (II) of the genericity can be characterized by an invariant called
the limiting geodesic curvature µc, cf. Proposition 3.17 and Corollary 3.17. The
main result of this paper is as follows:
Theorem A. Let f : Σ → L3 be a real analytic generic mixed type surface with
the first fundamental form ds2, and let p ∈ Σ be a lightlike point. We also let c(t)
(|t| < δ) be either
• a characteristic curve passing through p = c(0), if p is of the first kind, or
• a regular curve which is non-null at p = c(0) such that the geodesic curva-
ture function is unbounded at t = 0, if p is of the second kind,
where δ > 0. Take a real analytic spacelike curve γ : I → L3 with non-zero
curvature passing through γ(0) = 0 and set the image Γ := γ(I) of γ, where I is an
open interval including the origin 0. Set Zγ as
Zγ :=
{
{1, 2, 3, 4} (if γ is a Frenet curve),
{1, 2} (if γ is a non-Frenet curve).
Then, there exist a neighborhood U of p and real analytic mixed type surfaces fi :
U → L3 (i ∈ Zγ) such that, for each i ∈ Zγ ,
(1) the first fundamental form of fi coincides with ds
2,
(2) fi(p) = 0, and the image of fi ◦ c(t) is included in Γ.
Moreover, there are no such surfaces other than fi (i ∈ Zγ). More precisely, if f˜ :
U → L3 is a real analytic generic mixed type surface which satisfies the conditions
(1) and (2), then there exists an open neighborhood O of p such that the image f˜(O)
is a subset of fi(U) for some i ∈ Zγ.
For the definition of Frenet curves, see Definition 5.1. Example 6.3 gives such
the surfaces fi (i = 1, 2, 3, 4) in the case of #Zγ = 4, namely, the case that γ
is a Frenet curve, cf. Figures 2 and 3. See Example 6.4 for the case that γ is a
non-Frenet curve.
Figure 2. Image of the four mixed type surfaces f1, f2, f3 and
f4 (left) and its transparent (right), see Example 6.3. The surfaces
fi (i = 1, 2, 3, 4) have the same first fundamental form, and their
lightlike set images are subsets of a common spacelike Frenet curve.
As pointed out in [14], lightlike points of the first kind of mixed type surfaces
are similar to the cuspidal edge singularity of wave fronts [18]. The invariants κL
and κN of lightlike points of the first kind have several properties similar to the
invariants of cuspidal edges, called the singular curvature κs and the limiting normal
curvature κν introduced in [29] (cf. [22, 23]). However, sometimes κL and κN behave
quite differently than κs and κν , cf. [14, Theorem A]. Isometric realizations of a
class of positive semidefinite metrics (called the Kossowski metrics [20, 7]), and
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isometric deformations of wave fronts at non-degenerate singular points, including
cuspidal edges, are discussed in [20, 24, 10, 11, 12, 13]. In particular, we remark
that, for a real analytic generic cuspidal edge f with the induced metric ds2 in the
Euclidean 3-space, there exist four cuspidal edges f1, f2, f3 and f4 such that the
each induced metric of fi (i = 1, 2, 3, 4) coincides with ds
2 and share a common
prescribed singular set images [24, 10, 11]. Hence, Theorem A may be considered
as a similar result, in the case of Frenet curves. However, in the case of non-Frenet
curves, Theorem A provides a phenomena different from cuspidal edges.
As a corollary of Theorem A, we have the following:
Corollary B. Every real analytic generic mixed type surface admits non-trivial
local isometric deformations at their lightlike points.
Using this isometric deformation, we obtain the desired extrinsicity of the light-
like normal curvature κN :
Corollary C. The lightlike normal curvature κN is an extrinsic invariant for real
analytic generic mixed type surfaces.
1.2. Organization of this paper. To prove Theorem A, we prepare a theorem
so-called ‘fundamental theorem of surface theory’ for mixed type surfaces (Theorem
4.7). Since the unit normal vector field along the surfaces cannot be bounded at
their lightlike points, we use an alternative transversal vector field called the L-
Gauss map (Lemma 4.2). More detailed summary of this paper is as follows.
First, in Section 2, we review the fundamental properties of lightlike points of
mixed type surfaces. The definitions of the invariants of lightlike points of the first
kind, such as the lightlike singular curvature κL and the lightlike normal curvature
κN , are also given (Definition 2.4).
In Section 3, we shall discuss a class of type-changing metric called admissible
mixed type metrics (Definition 3.2), which is modeled on the first fundamental
form of mixed type surfaces. In particular, the existence of a special orthogonal
coordinate system called an L-coordinate system is proved (Proposition 3.15). We
also introduce invariants called the intrinsic lightlike singular curvature κ˜L at type
I semidefinite points (Definition 3.10), and the limiting geodesic curvature µc at
type II semidefinite points (cf. (3.13)), which are related to the definition of the
genericity of metrics (cf. Definitions 3.12, 3.18).
Section 4 is the core of this paper. Here, we prove the existence of a transversal
vector field ψ along a mixed type surface in L3, which we call the L-Gauss map
(Lemma 4.2), where we use L-coordinate systems and the division lemma (cf. [30,
Appendix A]). Then, we consider a frame associated with the L-Gauss map. The
compatibility condition of the frame (Lemma 4.6) yields the fundamental theorem
of mixed type surfaces (Theorem 4.7).
In Section 5, we calculate the invariants of the spacelike curve cˆ(t) := f ◦ c(t)
given by a non-null curve c(t) on Σ for the proof of Theorem A. We remark that
the curvature vector κ(t) of a spacelike curve may be of mixed type, cf. [8]. The
definition of spacelike Frenet/non-Frenet curves, and their invariants, such as the
curvature function, the torsion function and the pseudo-torsion function, are also
reviewed here.
Finally, in Section 6, we prove the isometric realization theorem of real analytic
generic mixed type metrics (Theorem 6.1, Corollary 6.2). Such the realization
theorem may be regarded as an analogue of the well-known Janet–Cartan theorem
[17, 5]. See [4] for isometric embeddings of Riemannian or Lorentzian metrics as
first fundamental forms for regular surfaces in L3. As a corollary, we prove Theorem
A, and Corollaries B and C. We also prove the extrinsicity of the lightlike geodesic
torsion κG (Corollary 6.7).
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2. Preliminaries
We denote by L3 the Lorentz-Minkowski 3-space with the standard Lorentz
metric
〈x,x〉 = xTSx = (x1)2 + (x2)2 − (x3)2
(
x =
3∑
i=1
xiei ∈ L3
)
,
where
(2.1) S :=

1 0 00 1 0
0 0 −1

 , e1 :=

10
0

 , e2 :=

01
0

 , e3 :=

00
1

 ,
and xT stands for the transpose of the column vector x. A vector x ∈ L3 (x 6= 0)
is said to be spacelike if 〈x,x〉 > 0. Similarly, if 〈x,x〉 < 0 (resp. 〈x,x〉 = 0), then
x is timelike (resp. lightlike). For x ∈ L3, we set |x| := √| 〈x,x〉 |. For vectors
v,w ∈ L3, the vector product v ×w is given by
(2.2) v ×w := Sv ×E w,
where ×E means the standard cross product of the Euclidean 3-space R3. Then,
it holds that
det(u,v,w) = 〈u,v ×w〉 ,(2.3)
u× (v ×w) = 〈u,v〉w − 〈u,w〉v,(2.4)
〈v ×w,v ×w〉 = −〈v,v〉 〈w,w〉+ 〈v,w〉2(2.5)
for u,v,w ∈ L3. In particular, v ×w is orthogonal to v and w. To calculate the
vector product of a lightlike vector, the following formula is useful.
Fact 2.1 (cf. [14, Lemma 4.3]). Let v ∈ L3 be a spacelike vector. Take a lightlike
vector w ∈ L3 such that 〈v,w〉 = 0. Then, either v×w = |v|w or v×w = −|v|w
holds.
Hence, we use the following terminology.
Definition 2.2. Let {v,w} be a pair of vectors in L3 such that v is spacelike, and w
is lightlike and orthogonal to v. Then, {v,w} is called p-oriented (resp. n-oriented)
if v ×w = |v|w (resp. v ×w = −|v|w) holds.
The isometry group Isom(L3) of L3 is described as the semidirect product
Isom(L3) = O(1, 2) ⋉ L3, where O(1, 2) is the Lorentz group which consists of
3 × 3 matrices A such that ATSA = S, where S is the matrix given by (2.1). We
call
SO(1, 2) := {A ∈ O(1, 2) ; detA = 1} ,
SO+(1, 2) := {A = (aij) ∈ SO(1, 2) ; a33 > 0}
the special Lorentz group and the restricted Lorentz group, respectively. We remark
that SO+(1, 2) is the identity component of O(1, 2), and the subgroup SO(1, 2)⋉L3
of Isom(L3) is the orientation preserving isometry group of L3.
A basis {v1,v2,v3} of L3 is orthonormal (i.e. 〈vi,vj〉 = σiδij , where σ1 = σ2 = 1,
and σ3 = −1) if and only if the square matrix (v1,v2,v3) is an element of O(1, 2).
For each orthonormal basis {vi}i=1,2,3, there exists T ∈ SO(1, 2) such that
T (v1,v2,v3) =
{
(e1, e2, e3) (if det(v1,v2,v3) = 1),
(e1, e2,−e3) (if det(v1,v2,v3) = −1),
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where ei (i = 1, 2, 3) are given in (2.1). A basis {w1,w2,w3} of L3 is said to be a
null basis if
〈w1,w1〉 = 〈w2,w3〉 = 1, 〈w1,wi〉 = 〈wi,wi〉 = 0
for i = 2, 3. For each null basis {w1,w2,w3}, there exists T ∈ SO(1, 2) such that
(2.6) T (w1,w2,w3) =


(
e1,
1√
2
e−, 1√2e+
)
(if det(w1,w2,w3) = 1),(
e1,
−1√
2
e+,
−1√
2
e−
)
(if det(w1,w2,w3) = −1),
where e+ := e2 + e3, e− := e2 − e3.
2.1. Lightlike points of mixed type surfaces. In this paper, a surface in L3 is
defined to be an embedding
f : Σ −→ L3
of a connected differentiable 2-manifold Σ. A point p ∈ Σ is said to be a lightlike
(resp. spacelike, timelike) point if the image Vp := dfp(TpΣ) of the tangent space
TpΣ is a lightlike (resp. spacelike, timelike) 2-subspace of L
3. We denote by LD
(resp. Σ+, Σ−) the set of lightlike (resp. spacelike, timelike) points. We also call
LD the lightlike set of f . If both the spacelike sets Σ+ and the timelike sets Σ−
are non-empty, the surface is called a mixed type surface.
Denote by ds2 the first fundamental form (or the induced metric) of f , namely
ds2 is the smooth metric on Σ defined by ds2 := f∗ 〈 , 〉. Then, p ∈ Σ is a lightlike
point if and only if (ds2)p is degenerate as a symmetric bilinear form on TpΣ.
Similarly, p ∈ Σ is a spacelike (resp. timelike) point if and only if (ds2)p is positive
definite (resp. indefinite). Take a local coordinate neighborhood (U ;u, v) of Σ. Set
fu := df(∂u), fv := df(∂u), where ∂u :=
∂
∂u
, ∂v :=
∂
∂v
.
Then, ds2 is written as
(2.7) ds2 = E du2 + 2F du dv +Gdv2,
where E := 〈fu, fu〉, F := 〈fu, fv〉 and G := 〈fv, fv〉. Setting the function λ as
λ := EG − F 2, a point q ∈ U is a lightlike (resp. spacelike, timelike) point if and
only if λ(q) = 0 (resp. λ(q) > 0, λ(q) < 0) holds. We call λ the discriminant
function.
A lightlike point p ∈ LD is called non-degenerate if dλ(p) 6= 0. By the implicit
function theorem, there exists a regular curve c(t) (|t| < δ) in Σ such that p = c(0)
and Image(c) = LD holds on a neighborhood of p. We call c(t) a characteristic
curve. Define a regular curve cˆ(t) in L3 by
cˆ(t) := f ◦ c(t).
Since c(t) is a lightlike point for each t, the image Vc(t) = dfc(t)(Tc(t)Σ) is a degen-
erate 2-subspace of L3. In particular, each tangent vector cˆ′(t) cannot be timelike,
where the prime ′ means the derivative d/dt.
Definition 2.3. Let p ∈ LD be a non-degenerate lightlike point, and let c(t) (|t| < δ)
be a characteristic curve passing through p = c(0), where δ > 0. If cˆ′(0) is spacelike
(resp. lightlike), then p is said to be a lightlike point of the first kind (resp. a lightlike
point of the second kind).
A vector field η(t) along c(t) is called a null vector field along c(t) if
(2.8) L(t) := df(η(t))
gives a lightlike vector field of L3 along cˆ(t). Then, a non-degenerate lightlike point
p ∈ LD is of the first kind (resp. the second kind) if and only if c′(0) and η(0) are
linearly independent (resp. linearly dependent).
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A vector field η defined on a neighborhood of a non-degenerate lightlike point
p ∈ LD is called a null vector field if the restriction η(t) := ηc(t) ∈ Tc(t)Σ gives a
null vector field along c(t). Then, it was proved that p is a lightlike point of the
first kind if and only if ηp 〈df(η), df(η)〉 6= 0 in [14, Proposition 2.6].
2.2. Invariants of lightlike points. We review here the fundamental properties
of the invariants of the lightlike points of the first kind introduced in [14].
2.2.1. Invariants of lightlike points of the first kind. Let f : Σ → L3 be a mixed
type surface. We also let p ∈ Σ be a non-degenerate lightlike point, and let c(t)
(|t| < δ) be a characteristic curve passing through p = c(0). If p is of the first
kind, taking sufficiently small δ > 0 if necessary, c(t) (|t| < δ) consists of lightlike
points of the first kind. Then, we have that cˆ(t) = f ◦ c(t) (|t| < δ) is a spacelike
regular curve in L3. The unit tangent vector field is given by e(t) := cˆ′(t)/|cˆ′(t)|.
We set the lightlike vector field L(t) of L3 along cˆ(t) as in (2.8). Then, there exists
a (uniquely determined) lightlike vector field N(t) of L3 along cˆ(t) such that
〈N(t), N(t)〉 = 〈N(t), e(t)〉 = 0, 〈N(t), L(t)〉 = 1.
Definition 2.4. We set κL(p), κN (p), κG(p) as (cf. [14, Definition 3.2, Lemma 3.5])
κL(p) :=
〈cˆ′′(0), L(0)〉
β(0)1/3|cˆ′(0)|2 ,(2.9)
κN(p) :=
β(0)1/3 〈cˆ′′(0), N(0)〉
|cˆ′(0)|2 ,(2.10)
κG(p) :=
1
|cˆ′(0)|
(
〈L(0), N ′(0)〉+ β
′(0)
3β(0)
)
,(2.11)
where β(t) := η(t) 〈df(η), df(η)〉. We call κL(p) the lightlike singular curvature,
κN (p) the lightlike normal curvature, and κG(p) the lightlike geodesic torsion.
These invariants are introduced in [14] to investigate the behavior of the Gaussian
curvature K at non-degenerate lightlike points. In [14], it is shown that these
definitions are independent of the choice of parametrization c(t) and null vector
field η. For a characteristic curve c(t) which consists of lightlike points of the first
kind, we also denote the lightlike singular curvature κL(c(t)) (resp. the lightlike
normal curvature κN (c(t)), the lightlike geodesic torsion κG(c(t))) along c(t), as
κL(t) (resp. κN (t), κG(t)), unless otherwise noted.
2.2.2. Lightlike singular curvature is intrinsic. A local coordinate system (U ;u, v)
is called adjusted at p if ∂v is a null vector at p = (0, 0). Such a coordinate system
is obtained by rotating the uv-plane. If we represent ds2 as (2.7), then (u, v) is
called adjusted at p if and only if
(2.12) E(0, 0) > 0, F (0, 0) = G(0, 0) = 0
holds. By a direct calculation, we have the following:
Lemma 2.5. Let f : Σ→ L3 be a mixed type surface, p ∈ Σ be a lightlike point of
the first kind, and let (U ;u, v) be a coordinate system adjusted at p = (0, 0). Then,
we have
(2.13) κL(p) =
1
E 3
√
Gv
(
Fu − 1
2
Ev − G
2
u
2Gv
)∣∣∣∣
u=v=0
.
Since the adjustedness depends only on the first fundamental form ds2, Lemma
2.5 implies that the lightlike singular curvature κL is an intrinsic invariant (cf. [14,
Lemma 3.9]).
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3. Mixed type metrics
In this section, we shall discuss a class of type-changing metrics called admissi-
ble mixed type metrics (Definition 3.2), which is modeled on the first fundamental
form of mixed type surfaces. We introduce type I and type II semidefinite points
(Definition 3.7), and an invariant called the intrinsic lightlike singular curvature
κ˜L (Definition 3.10). Then, we show the existence of a special orthogonal coor-
dinate system called an L-coordinate system (Proposition 3.15). Using such an
L-coordinate system, we investigate the asymptotic behavior of geodesic curvature
function at type II semidefinite points (Corollary 3.19).
3.1. Semidefinite points of mixed type metrics. Let Σ be a smooth 2-manifold.
A metric g on Σ is a smooth symmetric covariant tensor of rank 2. Namely, at
each point p ∈ Σ, gp is a symmetric bilinear form on the tangent space TpΣ, and
Σ ∋ q 7→ gq(Vq,Wq) ∈ R is a smooth function for smooth vector fields V,W on Σ.
To fix the notations, first we introduce some terminologies.
Definition 3.1. Let g be a metric on a connected smooth 2-manifold Σ, and take a
point p ∈ Σ.
• If gp is definite, then p is called a definite point. Similarly, if gp is indefinite
(i.e. gp is neither definite nor degenerate), then p is said to be an indefinite
point. Definite and indefinite points are also called regular points.
• If gp is degenerate, then p is said to be a semidefinite point, or a singular
point. The set of semidefinite points, denote by S(g), is called the semidef-
inite set.
• A semidefinite point p ∈ S(g) is called a type-changing point if every open
neighborhood U of p contains both definite and indefinite points.
On a coordinate neighborhood (U ;u, v) of p ∈ Σ, the metric g is written by
(3.1) g = E du2 + 2F du dv +Gdv2.
We set λ := EG − F 2 and call it the discriminant function. Then q ∈ U is a
semidefinite point of g if and only if λ(q) = 0. A semidefinite point p ∈ S(g) is
called admissible if dλ(p) 6= 0.
Definition 3.2 (Admissible mixed type metric). Let Σ be a connected smooth 2-
manifold. A metric g on Σ is called a mixed type metric if g admits all three cases
of definite points, indefinite points, and semidefinite points. A mixed type metric
g is called admissible if g is not negative definite on Σ, and all semidefinite points
of g are admissible.
Here, we give fundamental examples of mixed type metrics.
Example 3.3. Let f : Σ → L3 be a mixed type surface, where Σ is a connected
smooth 2-manifold. Then, the first fundamental form ds2 of f is a mixed type
metric. If p ∈ LD is non-degenerate, then there exists an open neighborhood U of
p such that LD ∩ U consists of non-degenerate lightlike points. Hence, ds2 is an
admissible mixed type metric on U . In particular, if every lightlike point of f is
non-degenerate, then ds2 is an admissible mixed type metric on Σ.
Example 3.4. Let f : Σ → R3 be an oriented regular surface with a unit normal
vector field ν : Σ → S2. Assume that the zero set of the Gaussian curvature K,
ZK := {p ∈ Σ ; K(p) = 0}, is not empty, and dK(p) 6= 0 holds for each p ∈ ZK .
Then the second fundamental form II of f is an admissible mixed type metric,
changing ν to −ν if necessary.
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A concrete example is given by tori of revolution. Set T 2 := S1 × S1, where
S1 := R/2πZ. For r > 1, let f : T 2 → R3 be the torus of revolution given by
f(u, v) := ((r + cosu) cos v, (r + cosu) sin v, sinu)T .
The second fundamental form II is written as II = du2+(cosu)(r+cosu) dv2. Since
the discriminant function λ is given by λ = (r + cosu) cosu, the semidefinite set
S(II) of II is S(II) = {(u, v) ∈ T 2 ; cosu = 0}, which coincides with the zero set ZK
of the Gaussian curvature K. Since ∂λ/∂u 6= 0 holds on S(II), every semidefinite
point p ∈ S(II) is admissible. And hence, the second fundamental form II is an
admissible mixed type metric on T 2.
Let p ∈ S(g) be a semidefinite point of an admissible mixed type metric g. By
the implicit function theorem, there exists a regular curve c(t) (|t| < δ) on Σ such
that p = c(0) and c(t) parametrizes S(g) near p. We call c(t) a characteristic curve.
By a proof similar to that of [14, Lemma 2.1], we obtain the following:
Lemma 3.5. Any semidefinite point of an admissible mixed type metric is a type-
changing point.
At a point p ∈ Σ, the subspace
Np := {v ∈ TpΣ ; gp(v,x) = 0 holds for any x ∈ TpΣ}
of TpΣ is called the null space at p. Then, p is a semidefinite point if and only if
Np 6= {0}. A non-zero tangent vector v ∈ Np is called a null vector at p.
Lemma 3.6. Let g be an admissible mixed type metric on Σ. For each semidefinite
point p ∈ S(g), the null space Np is a 1-dimensional subspace of TpΣ.
Proof. If the dimension of Np is 2, we have E(p) = F (p) = G(p) = 0. Since the
partial derivatives of λ = EG− F 2 are given by
λu = EuG+ EGu − 2FFu, λv = EvG+ EGv − 2FFv,
we have λu(p) = λv(p) = 0, which contradicts the non-degeneracy. 
Let p ∈ S(g) be a semidefinite point. A non-zero smooth vector field η(t) along
the characteristic curve c(t) is called a null vector field along c(t) if η(t) is a null
vector of Tc(t)Σ for each t. A non-zero smooth vector field η defined on a neigh-
borhood U of p is said to be a null vector field if the restriction η|S(g) gives a null
vector field along the semidefinite set S(g).
Definition 3.7. Let p ∈ S(g) be a semidefinite point of an admissible mixed type
metric g. Then, p is said to be type I (resp. type II ), if c′(0) and η(0) are linearly
independent (resp. linearly dependent).
If g is an admissible mixed type metric given by the first fundamental form ds2
of a mixed type surface f : Σ→ L3, a point p ∈ Σ is a type I semidefinite point of
g if and only if p is a lightlike point of the first kind.
By a proof similar to that of [14, Proposition 2.6], we obtain the following:
Proposition 3.8. Let p ∈ S(g) be a semidefinite point of an admissible mixed type
metric g. On a local coordinate neighborhood (U ;u, v) of p, set λ := EG− F 2. Let
η be a vector field on a neighborhood of p ∈ S(g) such that ηp is a null vector at p.
Then, p is a type I semidefinite point if and only if ηλ(p) 6= 0. Moreover, such the
condition is equivalent to ηp(g(η, η)) 6= 0.
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3.2. Intrinsic lightlike singular curvature. Let p ∈ S(g) be a semidefinite
point of an admissible mixed type metric g. A local coordinate system (U ;u, v)
centered at p is called adjusted at p if ∂v gives a null vector at p. Such an adjust
coordinate system can be obtained by rotating the uv-plane. As a direct corollary
of Proposition 3.8, we have the following:
Corollary 3.9. Let p ∈ S(g) be a semidefinite point of an admissible mixed type
metric g. Take a local coordinate system (U ;u, v) adjusted at p = (0, 0). Then,
p ∈ S(g) is a type I semidefinite point if and only if Gv(0, 0) 6= 0.
We now introduce an invariant which plays an important role in this paper.
Definition 3.10. For a type I semidefinite point p, let (U ;u, v) be a coordinate
system adjusted at p = (0, 0). Then,
(3.2) κ˜L(p) :=
1
E 3
√
Gv
(
Fu − 1
2
Ev − G
2
u
2Gv
)∣∣∣∣
u=v=0
is called the intrinsic lightlike singular curvature at p.
Let g be an admissible mixed type metric given by the first fundamental form
ds2 of a mixed type surface f : Σ → L3. Then the lightlike singular curvature
κL(p) of f at a lightlike point p ∈ LD of the first kind coincides with the intrinsic
lightlike singular curvature κ˜L(p) by Lemma 2.5.
Proposition 3.11. The definition of intrinsic lightlike singular curvature κ˜L in
(3.2) does not depend on the choice of adjusted coordinate system.
Proof. We remark that E(0, 0) 6= 0 and Gv(0, 0) 6= 0 by Lemma 3.6 and Corol-
lary 3.9. Take coordinate neighborhoods (U ;u, v), (V ;x, y) adjusted at p = (0, 0).
Denote the coordinate transformation by (u, v) = (u(x, y), v(x, y)). Then
Eˆ = Eu2x + 2Fuxvx +Gv
2
x,(3.3)
Fˆ = Euxuy + F (uxvy + uyvx) +Gvxvy,(3.4)
Gˆ = Eu2y + 2Fuyvy +Gv
2
y(3.5)
hold, where we set
g = Edu2 + 2Fdu dv +Gdv2 = Eˆdx2 + 2Fˆ dx dy + Gˆdy2.
Hence, we have F = G = Fˆ = Gˆ = uy = 0 at p = (0, 0). Since (u(x, y), v(x, y)) is a
coordinate change, ux 6= 0, vy 6= 0 hold. By (3.3), (3.4), (3.5),
Eˆ = Eux, Eˆy = 2Euxuxy + Evu
2
xvy + 2Fvuxvxvy +Gvv
2
xvy,
Fˆx = Euxuxy + Fuu
2
xvy + Fvuxvxvy +Guuxvxvy +Gvv
2
xvy,
Gˆx = Guuxv
2
y +Gvvxv
2
y, Gˆy = Gvv
3
y
hold at (0, 0). Then, we can verify the identity
1
Eˆ 3
√
Gˆy
(
Fˆx − 1
2
Eˆy − Gˆ
2
x
2Gˆy
)∣∣∣∣∣∣
x=y=0
=
1
E 3
√
Gv
(
Fu − 1
2
Ev − G
2
u
2Gv
)∣∣∣∣
u=v=0
,
which implies the assertion. 
In this paper, we mainly deal with the case that κ˜L does not vanish.
Definition 3.12. Let g be an admissible mixed type metric on Σ. A type I semidef-
inite point p ∈ S(g) is said to be generic if the intrinsic lightlike singular curvature
κ˜L does not vanish at p.
For the definition of genericity of type II semidefinite points, see Definition 3.18.
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3.3. L-coordinate system. Fix an admissible mixed type metric g defined on Σ.
Let p ∈ Σ be a semidefinite point of g. A regular curve c(t) (|t| < δ) on Σ is called
a non-null curve at p if p = c(0) and c′(0) is not a null vector. Here, we prove the
existence of a special orthogonal coordinate system associated with a given non-null
curve (Proposition 3.15).
Lemma 3.13. Let p ∈ Σ be a semidefinite point of g, and let c(t) (|t| < δ) be
a non-null curve at p. Then, there exists a coordinate neighborhood (U ;u, v) of p
such that
• (u, v) is an orthogonal coordinate system, that is, g(∂u, ∂v) = 0,
• the image of c(t) coincides with the u-axis near p = (0, 0), and
• ∂v gives a null vector field.
Proof. Let η be a null vector field. Set vector fields W1, W2 defined on a neighbor-
hood of p so that
(W1)|c(t) = c′(t), W2 = η
holds. Since (W1)p and (W2)p are linearly independent, there exists a coordinate
neighborhood (V ;x, y) of p such that W1 (resp. W2) is parallel to ∂x (resp. ∂y) (cf.
[31, Lemma B.5.4]). By this construction, the x-axis parametrizes the image of
c(t). On V , we set vector fields Z1, Z2 defined on a neighborhood of p as
Z1 := ∂x, Z2 := −F˜ ∂x + E˜∂y,
where E˜, F˜ are defined by g = E˜ dx2 + 2F˜ dx dy + G˜ dy2. Then, g(Z1, Z2) = 0
holds. As ∂y is a null vector at p, F˜ (p) = G˜(p) = 0 holds. By Lemma 3.6, we
have E˜(p) 6= 0. And hence, Z1, Z2 are linearly independent on a neighborhood of
p. So, there exists a coordinate neighborhood (U ;u, v) of p such that Z1 (resp. Z2)
is parallel to ∂u (resp. ∂v). By g(Z1, Z2) = 0, we have g(∂u, ∂v) = 0. Since Z1
is parallel to W1, the u-axis also parametrizes the image of c(t). Moreover, ∂v is
parallel to η on the semidefinite set S(g). Hence, we obtain the desired coordinate
system. 
Let p ∈ Σ be a semidefinite point of an admissible mixed type metric g. We
remark that we can always take a non-null curve passing through p. In fact, if
(U ;u, v) is a coordinate system centered at p such that the u-axis coincides with
the semidefinite set near p = (0, 0), then the u-axis (resp. the v-axis) gives a non-null
curve in the case that p is type I (resp. type II).
Lemma 3.14. Let g be an admissible mixed type metric on Σ, and let p ∈ Σ be a
semidefinite point of g. Then, g is positive semi-definite at p.
Proof. By Lemma 3.13, there exists a coordinate system (U ;u, v) centered at p such
that g is expressed as
g = E du2 +Gdv2, G|S(g) = 0.
In particular, G(p) = 0 holds. The discriminant function is given by λ = EG.
Set U+ := {p ∈ U ; λ(p) > 0}. Assume that E(p) < 0 holds. Then E < 0 on a
neighborhood of p. Hence, for q ∈ U+ sufficiently close to p, we have E(q) < 0,
G(q) < 0, and hence gq is negative definite, which contradicts the admissibility of
g. Thus, E(p) > 0 holds, which implies that gp is positive semi-definite. 
Proposition 3.15. Let p ∈ Σ be a semidefinite point of g, and let c(t) (|t| < δ) be
a non-null curve at p. Then, there exists a coordinate neighborhood (U ;u, v) of p
such that
• (u, v) is an orthogonal coordinate system, that is, g(∂u, ∂v) = 0,
• the image of c(t) coincides with the u-axis near p = (0, 0),
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• ∂v gives a null vector field, and
• u 7→ (u, 0) gives a parametrization c(t) by arclength (i.e., E(u, 0) = 1).
(Such a coordinate system is called an L-coordinate system associated with c(t).)
Proof. By Lemmas 3.13 and 3.14, there exists a coordinate neighborhood (U ;u, v)
centered at a semidefinite point p ∈ S(g) such that
g = E du2 +Gdv2, E > 0, G|S(g) = 0,
and the image of c(t) coincides with the u-axis near p = (0, 0). We set ω(u, v) :=
logE(u, v). Then, there exists a smooth function ω1(u, v) such that ω(u, v) −
ω(u, 0) = v ω1(u, v). We have E(u, v) = E(u, 0) e
v ω1(u,v). Setting a coordinate
system (u˜, v˜) as
u˜ :=
∫ u
0
√
E(t, 0)dt, v˜ := v,
we have g = ev ω1(u,v) du˜2 +Gdv˜2. Hence,
(3.6) g = E˜ du˜2 + G˜ dv˜2, E˜(u˜, 0) = 1, G˜|S(g) = 0
hold, where E˜ := ev ω1(u,v), G˜ := G. Thus, we obtain the desired coordinate
system. 
Let p ∈ Σ be a semidefinite point of g. By Proposition 3.15, there exists a
coordinate system (U ;u, v) centered at p such that
• g(∂u, ∂v) = 0 on U , and
• ∂v gives a null vector field.
On (U ;u, v), the metric g is expressed as
(3.7) g = E du2 +Gdv2, E > 0, G|S(g) = 0.
Such a coordinate system is called an L-coordinate system.
3.4. Behavior of the geodesic curvature function. Let g be an admissible
mixed type metric defined on a 2-manifold Σ, and let p ∈ Σ be a type II semidefinite
point of g. Let c(t) (|t| < δ) be a non-null curve at p = c(0). Here, we consider the
asymptotic behavior of geodesic curvature function κg(t) along c(t) which is related
to the definition of the genericity of type II semidefinite points (cf. Definition 3.18).
Proposition 3.15 yields that there exists an L-coordinate system (U ;u, v) asso-
ciated with c(t). That is, c(u) = (u, 0), and
(3.8) g = E du2 +Gdv2, E(u, 0) = 1
holds. Since 〈c′(u), c′(u)〉 = E(u, 0) = 1, we have that u is an arclength parameter.
Lemma 3.16. The geodesic curvature function κg(u) along c(u) (u 6= 0) is given
by
(3.9) κg(u) = − Ev(u, 0)
2
√|λ(u, 0)| .
Proof. Since ng =
1√
|G|∂v =
1√
|λ|∂v gives the unit normal vector field along c(u) =
(u, 0) with respect to g, we have
κg(u) = 〈∇uc′(u),ng(u)〉 = 1√|λ|Γ211G = 1√|λ| −EEv2λ λE = −Ev2√|λ| ,
where Γ211 is a Christoffel’s symbol. Hence, we obtain (3.9). 
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On (U ;u, v) such that the metric g is expressed as (3.8), the discriminant function
is given by λ = EG. Since p is type II, the characteristic curve is given by the graph
u = ϕ(v). As the graph u = ϕ(v) passes through p = (0, 0), we have ϕ(0) = 0. Since
the discriminant function λ vanishes along the graph of u = ϕ(v), there exists a
smooth function λ˜(u, v) such that λ = (u−ϕ(v))λ˜(u, v) holds. The non-degeneracy
of p = (0, 0) yields λ˜(0, 0) 6= 0. Hence, it holds that
(3.10) λ(u, v) = (u − ϕ(v))λ˜(u, v) (λ˜(0, 0) 6= 0).
Substituting v = 0 into (3.10), and setting λˆ(u) := λ˜(u, 0), we have
(3.11) λ(u, 0) = u λˆ(u) (λˆ 6= 0).
Proposition 3.17. Let g be an admissible metric on Σ, and let p ∈ Σ be a type II
semidefinite point. Take a non-null curve c(t) (|t| < δ) passing through p (= c(0)).
Let κg(t) (t 6= 0) be the geodesic curvature function of c(t) (t 6= 0), and let sg(t) be
the arclength sg(t) :=
∫ t
0
√〈c′(τ), c′(τ)〉 dτ of c(t) from p. Then√
|sg(t)|κg(t)
can be smoothly extended across t = 0.
Proof. Let (U ;u, v) be an L-coordinate system associated with c(t). By Lemma
3.16 and (3.11), there exists a smooth function λˆ(u) (λˆ(0) 6= 0) such that
(3.12)
√
|sg(t)|κg(t) =
√
|u| −Ev(u, 0)
2
√
|u λˆ(u)|
= − Ev(u, 0)
2
√
|λˆ(u)|
,
which proves the assertion. 
We call the limit
(3.13) µc := lim
t→0
√
|sg(t)|κg(t)
the limiting geodesic curvature.
As in the case of type I semidefinite points, we define the genericity of type II
semidefinite points as follows:
Definition 3.18. Let g be an admissible mixed type metric on Σ. A type II semidef-
inite point p ∈ S(g) is said to be generic there exists a non-null curve c(t) (|t| < δ)
at p = c(0) such that the geodesic curvature function κg(t) along c(t) defined for
t 6= 0 is unbounded at t = 0. Moreover, if g admits only generic type I semidefinite
points or generic type II semidefinite points, then g is said to be a generic mixed
type metric.
By (3.12), we have µc = −Ev(0, 0)/(2
√
|λˆ(0)|), which implies the following:
Corollary 3.19. Let g be an admissible metric on Σ, and let p ∈ Σ be a type II
semidefinite point. Take a non-null curve c(t) (|t| < δ) passing through p = c(0),
where δ > 0. Let (U ;u, v) be an L-coordinate system associated with c(t) centered
at p = (0, 0). Then the following conditions are mutually equivalent:
(1) the geodesic curvature function κg(t) along c(t) is unbounded at p,
(2) the limiting geodesic curvature µc is non-zero,
(3) Ev(0, 0) 6= 0.
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4. Fundamental theorem of mixed type surfaces
In this section, we prove the existence of a transversal vector field ψ along a
mixed type surface in L3, which we call the L-Gauss map (Lemma 4.2). Then, we
consider a frame associated with the L-Gauss map. The compatibility condition
of the frame (Lemma 4.6) yields the fundamental theorem of mixed type surfaces
(Theorem 4.7).
4.1. L-Gauss map. Let f : Σ → L3 be a mixed type surface, and take a non-
degenerate lightlike point p ∈ LD. As seen in Example 3.3, there exists an open
neighborhood V of p such that the first fundamental form ds2 of f is an admissible
mixed type metric on V . As a direct corollary of Proposition 3.15, we have the
following.
Corollary 4.1. Let f : Σ→ L3 be a mixed type surface, and take a non-degenerate
lightlike point p ∈ LD. Let c(t) (|t| < δ) be a non-null curve at p = c(0), where
δ > 0. Then, there exists a coordinate neighborhood (U ;u, v) of p such that
• (u, v) is an orthogonal coordinate system, that is, 〈fu, fv〉 = 0,
• the image of c(t) coincides with the u-axis near p = (0, 0),
• ∂v gives a null vector field, and
• cˆ(u) := f(u, 0) is a unit-speed spacelike curve in L3.
As in the case of admissible mixed type metrics, we call such a coordinate system
an L-coordinate system associated with c(t). In the case that p ∈ LD is of the first
kind, the characteristic curve c(t) (|t| < δ) is a non-null curve at p = c(0). In such
a case, an L-coordinate system associated with c(t) is said to be an L-coordinate
system associated with the lightlike set LD.
Even if we do not specify the non-null curve c(t), we have the following orthogonal
coordinate system: Let p ∈ Σ be a non-degenerate lightlike point of a mixed type
surface f : Σ → L3. By Corollary 4.1, there exists a coordinate system (U ;u, v)
centered at p such that
• 〈∂u, ∂v〉 = 0 on U , and
• ∂v gives a null vector field.
On (U ;u, v), the metric ds2 is expressed as
(4.1) ds2 = E du2 +Gdv2, E > 0, G|LD = 0.
As in the case of admissible mixed type metrics, such a coordinate system is called
an L-coordinate system.
At each point on LD near p, it holds that fu is spacelike, fv is lightlike and
〈fu, fv〉 = 0, which satisfies the condition of Definition 2.2. Hence, the L-coordinate
system (U ;u, v) is said to be p-oriented (resp. n-oriented) if {fu, fv} is p-oriented
(resp. n-oriented) along LD near p.
Lemma 4.2. Let f : Σ → L3 be a mixed type surface, p ∈ Σ a non-degenerate
lightlike point, and (U¯ ;u, v) an L-coordinate system centered at p. Set the sign
ǫ ∈ {1,−1} so that ǫ = 1 (resp. ǫ = −1) if (u, v) is p-oriented (resp. n-oriented).
Then, there exist an open neighborhood U ⊂ U¯ of p and a smooth map ψ : U → R31
such that
(4.2) fu × fv = ǫ
√
E (fv −Gψ) .
(We call such a map ψ an L-Gauss map.) Moreover, ψ satisfies
(4.3) 〈ψ, ψ〉 = 0, 〈ψ, fu〉 = 0, 〈ψ, fv〉 = 1.
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Proof. Let q ∈ LD be a non-degenerate lightlike point. By Fact 2.1, fu(q)×fv(q) =
ǫ
√
E(q)fv(q) holds, where ǫ ∈ {1,−1}. By the division lemma1, there exists a
smooth map ψˆǫ : U → L3 such that fu × fv = ǫ
√
Efv + λ ψˆǫ, where U ⊂ U¯ is an
open neighborhood of p. Setting ψ := −ǫ√Eψˆǫ, we have (4.2). Since
ψ = −
√
E
λ
(
ǫfu × fv −
√
Efv
)
holds on U \ LD, we can check (4.3). By continuity, we have (4.3) on U . 
Denote by Λ2 the 2-dimensional lightcone
Λ2 := {x ∈ L3 ; 〈x,x〉 = 0, x 6= 0}.
Since 〈ψ, ψ〉 = 0 and ψ 6= 0, we have that ψ is a Λ2-valued map.
Lemma 4.3. Let f : Σ→ L3 be a mixed type surface and ψ : U → Λ2 an L-Gauss
map defined on an L-coordinate neighborhood (U ;u, v) centered at a non-degenerate
lightlike point p ∈ Σ. Then it holds that
(4.4) fu × ψ = −ǫ
√
Eψ, fv × ψ = ǫ√
E
fu.
Proof. By (2.4), we have
fu × (fu × fv) = 〈fu, fu〉 fv − 〈fu, fv〉 fu = Efv,
fv × (fu × fv) = 〈fv, fu〉 fv − 〈fv, fv〉 fu = −Gfu.
Then the vector product of fu (resp. fv) and (4.2) yields (4.4). 
The following lemma gives a criterion of the orientation of L-coordinate systems.
Lemma 4.4. Let f : Σ→ L3 be a mixed type surface and ψ : U → Λ2 an L-Gauss
map defined on an L-coordinate neighborhood (U ;u, v) centered at a non-degenerate
lightlike point p ∈ Σ. Then, (u, v) is p-oriented (resp. n-oriented) if and only if
det(fu, fv, ψ) > 0 (resp. det(fu, fv, ψ) < 0) holds on U . In particular, fu, fv and
ψ are linearly independent at each point of U .
Proof. By the scalar triple product formula (2.3), we have
(4.5) det(fu, fv, ψ) = 〈fu × fv, ψ〉 =
〈
ǫ
√
E (fv −Gψ), ψ
〉
= ǫ
√
E,
which implies the assertion. 
With Lemma 4.4, we have the linear independence of fu, fv and ψ. We call
F := (fu, fv, ψ) the adapted frame along f . For an L-Gauss map ψ, set
X := 〈fuu, ψ〉 , Y := 〈fuv, ψ〉 , Z := 〈fvv, ψ〉 .
Then, we call
IIψ := X du
2 + 2Y du dv + Z dv2
the second fundamental form associated with ψ.
Lemma 4.5. Let f : Σ→ L3 be a mixed type surface and ψ : U → Λ2 an L-Gauss
map defined on an L-coordinate neighborhood (U ;u, v) centered at a non-degenerate
lightlike point p ∈ Σ. Also, let IIψ be the second fundamental form associated with
ψ. Then, the adapted frame F = (fu, fv, ψ) satisfies
(4.6) Fu = FU , Fv = FV ,
1For example, see [30, Appendix A]
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where IIψ = X du
2 + 2Y du dv + Z dv2, and
(4.7)
U :=


Eu
2E
Ev
2E
−X
E
X Y 0
−Ev
2
−XG Gu
2
− Y G −Y

 , V :=


Ev
2E
−Gu
2E
−Y
E
Y Z 0
Gu
2
− Y G Gv
2
− ZG −Z

 .
Proof. Since detF 6= 0 by Lemma 4.4, fuu, fuv, fvv, ψu, ψv are written as linear
combinations of fu, fv, ψ at each point on U . By a standard method using (4.3),
we obtain
fuu =
Eu
2E
fu +Xfv −
(
Ev
2
+XG
)
ψ,
fuv =
Ev
2E
fu + Y fv +
(
Gu
2
− Y G
)
ψ,
fvv = −Gu
2E
fu + Zfv +
(
Gv
2
− ZG
)
ψ,
ψu = −X
E
fu − Y ψ, ψv = −Y
E
fu − Zψ,
which yields (4.6). 
Lemma 4.6. The integrability condition Uv − Vu = UV − VU of (4.6) is given by
the following system of partial differential equations:
Xv − Yu = 1
2E
(EvX − EuY ) + Y 2 −XZ,(C1)
Yv − Zu = − 1
2E
(GuX + EvY ) ,(C2)
Evv +Guu − EuGu + E
2
v
2E
= 2G(XZ − Y 2)−GvX + 2GuY + EvZ.(G)
As Lemma 4.6 is proved by direct calculation, and we omit the proof. We call
(G) the Gauss equation, and (C1), (C2) the Codazzi equations.
4.2. Fundamental theorem. Let f : Σ → L3 be a mixed type surface, and let
p ∈ Σ be a non-degenerate lightlike point. We also let ψ : U → Λ2 be an L-Gauss
map defined on an L-coordinate neighborhood (U ;u, v) centered at p = (0, 0). Since
{ 1√
E
fu, fv, ψ} is a null basis at p = (0, 0), there exists T ∈ SO(2, 1) such that
TF(0, 0) =
{
F+0 (if (u, v) is p-oriented),
F−0 (if (u, v) is n-oriented),
where F := (fu, fv, ψ), and
(4.8) F+0 :=


√
E(0, 0) 0 0
0 1√
2
1√
2
0 − 1√
2
1√
2

 , F−0 :=


√
E(0, 0) 0 0
0 − 1√
2
− 1√
2
0 − 1√
2
1√
2

 .
Note that RF−0 = F
+
0 , where
(4.9) R :=

1 0 00 −1 0
0 0 1

 ,
cf. (2.6). Hence, we may conclude that there exists T ∈ O(2, 1) such that TF(0, 0) =
F+0 . Then, we have the following:
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Theorem 4.7 (Fundamental theorem of mixed type surfaces). Let g be an admis-
sible mixed type metric on a smooth 2-manifold Σ, and p ∈ S(g) a semidefinite
point. Take a simply connected L-coordinate neighborhood (U ;u, v) centered at p
and set
(4.10) g = E du2 +Gdv2.
Moreover, let h be a symmetric (0, 2)-tensor
(4.11) h = X du2 + 2Y du dv + Z dv2
defined on U . If g and h satisfy the Gauss and Codazzi equations, (G), (C1) and
(C2), then there exist a mixed type surface f : U → L3 and an L-Gauss map
ψ : U → Λ2 such that
• the first fundamental form of f coincides with g, and
• the second fundamental form II associated with ψ coincides with h.
Moreover, such f and ψ are unique up to isometries of L3.
Proof. Let U , V be the matrices given by (4.7), where E, G, X , Y and Z are as in
(4.10) and (4.11). Then, by Lemma 4.6, the integrability condition of Fu = FU ,
Fv = FV is given by the Gauss and Codazzi equations, (G), (C1) and (C2). Hence,
setting F+0 as in (4.8), we have that
(4.12) Fu = FU , Fv = FV , F(0, 0) = F+0
has a unique solution F . Then, we set f1(u, v) := Fe1, f2(u, v) := Fe2. By the
definition (4.7) of U and V , we can check that Ve1 = Ue2. Then,
(f1)v = Fve1 = FVe1, (f2)u = Fue2 = FUe2
implies (f1)v = (f2)u. Hence, there exists a map f : U → L3 such that fu = f1,
fv = f2.
Set ψ(u, v) := Fe3. We shall prove that the first fundamental form ds2 of f
coincides with g, and ψ is an L-Gauss map of f . Set
P :=

E 0 00 G 1
0 1 0

 , Q := FTSF ,
where S is the matrix given in (2.1). By a direct calculation, we have that
Qu = FTu SF + FTSFu = (FU)TSF + FTSFU = UTQ+QU ,
and similarly Qv = VTQ+QV holds. On the other hand, since
PU =

E 0 00 G 1
0 1 0



 Eu2E Ev2E −AEX Y Z
−Ev2 −XG Gu2 − Y G −Y

 =

 Eu2 Ev2 −X−Ev2 Gu2 −Y
X Y 0

 ,
we have UTP + PU = (PU)T + PU = Pu. Similarly, we can check that Pv =
VTP + PV holds. Moreover, by
Q(u0, v0) = F(u0, v0)TSF(u0, v0) =

E(u0, v0) 0 00 0 1
0 1 0

 = P (u0, v0),
P,Q are solutions to the following initial value problem
Gu = UTG + GU , Gv = VTG + GV , G(u0, v0) =

E(u0, v0) 0 00 0 1
0 1 0

 .
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Hence, we have P = Q by the uniqueness. Since 〈x,y〉 = xTSy for any x,y ∈ L3,
we have
Q = FTSF =

fTufTv
ψT

S (fu, fv, ψ) =

〈fu, fu〉 〈fu, fv〉 〈fu, ψ〉〈fv, fu〉 〈fv, fv〉 〈fv, ψ〉
〈ψ, fu〉 〈ψ, fv〉 〈ψ, ψ〉

 .
So, by P = Q, we have
〈fu, fu〉 = E, 〈fv, fv〉 = G, 〈fv, ψ〉 = 1, 〈fu, fv〉 = 〈fu, ψ〉 = 〈ψ, ψ〉 = 0.
Moreover, using FTSF = P , we have
〈fuu, ψ〉 = 〈Fue1,Fe3〉 = 〈FUe1,Fe3〉 = (FUe1)TSFe3
=
(
Eu
2E
, X, −Ev
2
−XG
)E 0 00 G 1
0 1 0



00
1

 = X.
Similarly, it holds that 〈fuv, ψ〉 = Y , 〈fvv, ψ〉 = Z. Thus, the second fundamental
form IIψ with respect to ψ coincides with h.
Finally, with respect to the uniqueness, let f, fˇ : U → L3 be mixed type surfaces
such that the first fundamental forms of f, fˇ are both (4.10), and let ψ, ψˇ : U →
Λ2 be the L-Gauss maps of f, fˇ , respectively, such that both II and IˇI coincide
with (4.11), where II (resp. IˇI) is the second fundamental form of f (resp. fˇ)
with respect to ψ (resp. ψˇ). We set F := (fu, fv, ψ), Fˇ := (fˇu, fˇv, ψˇ). Applying
suitable isometries of L3 to f , fˇ , we may assume that F(u0, v0) = Fˇ(u0, v0) = F+0 ,
where F+0 is given by (4.8). Then, both F and Fˇ are solutions to the initial value
problem (4.12). Hence, by the uniqueness, we have F = Fˇ , which gives the desired
result. 
By a proof similar to that of Theorem 4.7, we have the following.
Corollary 4.8. Let g be an admissible mixed type metric on a smooth 2-manifold
Σ, and p ∈ S(g) a semidefinite point. Moreover, let c(t) (|t| < δ) be a non-null
curve in Σ passing through p = c(0), where δ > 0. Take a simply connected L-
coordinate system (U ;u, v) centered at p = (0, 0), which is associated with c(t),
and set g = E du2 + Gdv2. In addition, let h be a symmetric (0, 2)-tensor h =
X du2 + 2Y du dv + Z dv2 defined on U , and take a null basis {w1,w2,w3}. If g
and h satisfy the Gauss and Codazzi equations, (G), (C1) and (C2), then there
exist a unique mixed type surface f : U → L3 and an L-Gauss map ψ : U → Λ2
such that
• the first fundamental form ds2 of f coincides with g,
• the second fundamental form IIψ associated with ψ coincides with h,
• f(0, 0) = 0, and F(0, 0) = (w1,w2,w3).
5. Spacelike curves on mixed type surfaces in L3
As in the introduction, a mixed type surface is said to be generic if its first
fundamental form is a generic mixed type metric, cf. Definitions 1.1, 3.12 and
3.18. In this section, as a preparation for the proof of Theorem A, we calculate
the invariants, such as the curvature and torsion functions, of spacelike curves on
generic mixed type surfaces.
5.1. Spacelike curves in L3. Here, we review the fundamental properties of
spacelike curves in L3. See [33, 21, 8] for details.
Let I be an open interval. A regular curve γ : I → L3 is called spacelike if
each tangent vector is spacelike. By a coordinate change, we may assume that γ is
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parametrized by arclength. That is, e(u) := γ′(u) gives the unit spacelike tangent
vector field, where the prime means d/du. We call
κ(u) := γ′′(u)
the curvature vector field along γ(u). If κ(u) is nowhere zero, then γ(u) is said to
have non-zero curvature. For a general parametrization, γ(t) has non-zero curvature
if and only if dγ/dt and d2γ/dt2 are linearly independent [8, Lemma 2.2].
From now on, we assume that every spacelike curve is parametrized by arclength.
To measure the causal character of the curvature vector field κ(u), set
θ(u) := 〈κ(u),κ(u)〉 (= 〈γ′′(u), γ′′(u)〉).
We call θ(u) the causal curvature function along γ(u).
Definition 5.1. Let γ : I → L3 be a unit-speed spacelike curve with non-zero
curvature κ(u) 6= 0. Let θ(u) be the causal curvature function, and let k ∈ Z be a
positive integer. Then, γ(u) is said to be
• of type S if κ(u) is a spacelike vector field, that is θ(u) > 0 holds on I,
• of type T if κ(u) is a timelike vector field, that is θ(u) < 0 holds on I,
• of type L if κ(u) is a lightlike vector field, that is θ(u) = 0 holds on I,
• of type Lk at u0 ∈ I if θ(u) satisfies the following:
θ(u0) = θ
′(u0) = · · · = θ(k−1)(u0) = 0, θ(k)(u0) 6= 0.
If the curve γ(u) is of type S or type T , then γ(u) is said to be a Frenet curve [21].
In the case of type L or type Lk, we call γ(u) a non-Frenet curve.
We remark that, every real analytic spacelike curve γ(u) with non-zero curvature
must be either a Frenet curve (i.e. type S or type T ) or a non-Frenet curve (i.e.
type L or type Lk).
Here, we briefly review the fundamental properties of spacelike curves of type
S, T , L and Lk. We fix a spacelike curve γ : I → L3 which is parametrized by
arclength. We denote the unit tangent vector field (resp. the curvature vector field)
along γ(u) by e(u) = γ′(u) (resp. κ(u) = γ′′(u)).
5.1.1. Spacelike Frenet curves. In the case that γ is a Frenet curve, the function
κ(u) :=
√|θ(u)| (= |κ(u)|) is called the curvature function [21]. However, for the
purpose of unified treatment, we use θ(u) instead of κ(u). Then, the function
(5.1) τ = −1
θ
det(γ′, γ′′, γ′′′)
is called the torsion function. Moreover, the principal normal vector field n(u) and
the binormal vector field b(u) are defined as
n(u) :=
1√|θ(u)|κ(u), b(u) := σe(u)× n(u),
respectively, where
σ :=
{
−1 (if γ(u) is of type S),
1 (if γ(u) is of type T ).
By the fundamental theorem for spacelike Frenet curves (cf. [21, Theorems 2.6,
2.8]), the following holds.
Proposition 5.2. Let I be an open neighborhood of the origin 0, and let γ(u), γ¯(u) :
I → L3 be two unit-speed spacelike Frenet curves such that γ(0) = γ¯(0). Let θ, τ
(resp. θ¯, τ¯) be the causal curvature and torsion function of γ (resp. γ¯), respec-
tively. Moreover, we let e, n, b (resp. e¯, n¯, b¯) be the unit tangent vector field, the
principal normal vector field, and the binormal vector field along γ(u) (resp. γ¯(u)),
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respectively. Then, γ(u) = γ¯(u) holds if and only if θ(u) = θ¯(u), τ(u) = τ¯ (u), and
(e(0),n(0), b(0)) = (e¯(0), n¯(0), b¯(0)) hold.
5.1.2. Spacelike curves of type L. Let γ : I → L3 be a spacelike curve of type L.
By definition, κ(u) is a lightlike vector field. By Fact 2.1, e(u) × κ(u) = ǫκ(u)
holds for ǫ ∈ {1,−1}. Such ǫ is called the signature of γ. If e(u) × κ(u) = κ(u)
(resp. e(u)×κ(u) = −κ(u)) holds, then γ is called of type L+ (resp. type L−). Let
β(u) be the vector field which satisfies
〈β(u),β(u)〉 = 〈e(u),β(u)〉 = 0, 〈κ(u),β(u)〉 = 1.
Such a vector field β(u) is uniquely determined. We call β(u) the pseudo-binormal
vector field. Then, µ(u) := −〈κ′(u),β(u)〉 is called the pseudo-torsion function.
The Frenet-Serret type formula is given as
(5.2) e′ = κ, κ′ = −µκ, β′ = −e+ µβ.
Set C := (e,κ,β). By (2.3), det C = 〈e× κ,β〉 = ǫ holds. Hence, det C > 0 (resp.
det C < 0) if and only if γ is of type L+ (resp. type L−).
By the fundamental theorem for spacelike curves of type L (cf. [21, Theorems
2.7, 2.8]), the following holds.
Proposition 5.3. Let I be an open neighborhood of the origin 0, and let γ(u), γ¯(u) :
I → L3 be two unit-speed spacelike curves of type L such that γ(0) = γ¯(0). Let µ
(resp. µ¯) be the pseudo-torsion function of γ (resp. γ¯). Moreover, we let e, κ, β
(resp. e¯, κ¯, β¯) be the unit tangent vector field, the curvature vector field, and the
pseudo-binormal vector field along γ(u) (resp. γ¯(u)), respectively. Then, γ(u) =
γ¯(u) holds if and only if µ(u) = µ¯(u), and (e(0),κ(0),β(0)) = (e¯(0), κ¯(0), β¯(0))
hold.
We remark that, by the condition (e(0),κ(0),β(0)) = (e¯(0), κ¯(0), β¯(0)), the
signature ǫ of γ(u) coincides with that ǫ¯ of γ¯(u).
5.1.3. Spacelike curves of type Lk. Let γ : I → L3 be a spacelike curve of type
Lk at u0 ∈ I. By definition, κ(u0) is a lightlike vector. By Fact 2.1, e(u0) ×
κ(u0) = ǫκ(u0) holds for ǫ ∈ {1,−1}. Such ǫ is called the signature of γ. If
e(u0) × κ(u0) = κ(u0) (resp. e(u0) × κ(u0) = −κ(u0)) holds, then γ is called of
type L+k (resp. type L
−
k ) at u0 ∈ I. As seen in [8, Corollary 3.4],
β(u) :=
1
θ
(ǫe(u)× κ(u)− κ(u))
can be smoothly extended across u0 ∈ I. Such the vector field β(u) is called the
pseudo-binormal vector field. It satisfies (cf. [8, Proposition 3.5])
〈β(u),β(u)〉 = 〈e(u),β(u)〉 = 0, 〈κ(u),β(u)〉 = 1.
Then, µ(u) := −〈κ′(u),β(u)〉 is called the pseudo-torsion function. The Frenet-
Serret type formula is given as
(5.3) e′ = κ, κ′ = −θe− µκ+
(
θµ+
1
2
θ′
)
β, β′ = −e+ µβ.
Set C := (e,κ,β). By (2.3), det C = ǫ holds. Hence, det C > 0 (resp. det C < 0) if
and only if γ is of type L+k (resp. type L
−
k ).
By the fundamental theorem for spacelike curves of type Lk (cf. [8, Lemma 3.7,
Theorem 3.8]), the following holds.
Proposition 5.4. Let I be an open neighborhood of the origin 0, and let γ(u), γ¯(u) :
I → L3 be two unit-speed spacelike curves of type Lk at u = 0, such that γ(0) = γ¯(0).
Let θ, µ (resp. θ¯, µ¯) be the causal curvature and pseudo-torsion function of γ (resp.
γ¯), respectively. Moreover, we let e, κ, β (resp. e¯, κ¯, β¯) be the unit tangent vector
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field, the curvature vector field, and the pseudo-binormal vector field along γ(u)
(resp. γ¯(u)), respectively. Then, γ(u) = γ¯(u) holds if and only if θ(u) = θ¯(u),
µ(u) = µ¯(u), and (e(0),κ(0),β(0)) = (e¯(0), κ¯(0), β¯(0)) hold.
As in the case of spacelike curves of type L, the condition (e(0),κ(0),β(0)) =
(e¯(0), κ¯(0), β¯(0)) implies that the signature ǫ of γ(u) coincides with that ǫ¯ of γ¯(u).
5.2. Spacelike curves on generic mixed type surfaces. Here, we calculate
the invariants (such as the causal curvature, the torsion, and the pseudo-torsion)
of spacelike curves on generic mixed type surfaces.
As in Definitions 1.1 and 3.12, a lightlike point p of the first kind is said to be
generic if the lightlike singular curvature κL does not vanish at p.
Proposition 5.5. Let f : Σ → L3 be a mixed type surface, and let p ∈ Σ be
a generic lightlike point of the first kind. Let (U ;u, v) be an L-coordinate system
associated with the lightlike set LD such that
ds2 = E du2 +Gdv2, E(u, 0) = 1, G(u, 0) = 0
hold. Let ψ be an L-Gauss map and set
x(u) := X(u, 0), y(u) := Y (u, 0),
where X := 〈fuu, ψ〉 , Y := 〈fuv, ψ〉. Then cˆ(u) := f(u, 0) is a unit-speed spacelike
curve of non-zero curvature. Moreover, θ(u) is the causal curvature function of
cˆ(u) if and only if
(5.4) x(u) = − θ(u)
Ev(u, 0)
holds. Furthermore, set F := (fu, fv, ψ) and ǫ ∈ {1,−1} as ǫ = 1 (resp. ǫ = −1)
if the L-coordinate system (u, v) is p-oriented (resp. n-oriented). Then we have the
following:
• Consider the case that cˆ(u) is a Frenet curve. Then, τ(u) is the torsion
function of cˆ(u) if and only if
(5.5) y(u) = ǫτ(u) +
Euv(u, 0)
Ev(u, 0)
− θ
′(u)
2θ(u)
.
Moreover, it holds that
(5.6) F(0, 0) =
(
e(0),
√|θ(0)|
2a(0)
(n(0) + ǫσb(0)),
√|θ(0)|
Ev(0, 0)
(−n(0) + ǫσb(0))
)
,
where e(u) (resp. n(u), b(u)) is the unit tangent vector field (resp. the
principal normal vector field, the binormal vector field) along cˆ(u), and
σ = −1 (resp. σ = 1) if cˆ(u) is of type S (resp. type T ).
• Consider the case that cˆ(u) is a non-Frenet curve. Then, the coordinate
system (u, v) is p-oriented (resp. n-oriented) if and only if cˆ(u) is of type
L− or L−k (resp. type L
+ or L+k ). Moreover, µ(u) is the pseudo-torsion
function of cˆ(u) if and only if y(u) is written as
(5.7) y(u) = µ(u) +
Euv(u, 0)
Ev(u, 0)
.
Furthermore, it holds that
(5.8) F(0, 0) =
(
e(0),−Ev(0, 0)
2
β(0),− 2
Ev(0, 0)
κ(0)
)
,
where e(u) (resp. κ(u), β(u)) is the unit tangent vector field (resp. the
curvature vector field, the pseudo-binormal vector field) along cˆ(u).
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To prove Proposition 5.5, we prepare the following lemma:
Lemma 5.6. Let f : Σ → L3 be a mixed type surface, and let p ∈ Σ be a lightlike
point of the first kind. Let (U ;u, v) be an L-coordinate system associated with the
lightlike set at p. Set ds2 = E du2 + Gdv2. Then, the lightlike singular curvature
κL is written as
(5.9) κL(u) = − Ev(u, 0)
2 3
√
Gv(u, 0)
.
In particular, p ∈ Σ is a generic lightlike point of the first kind if and only if
Ev(0, 0) 6= 0.
Proof. The lightlike set image is given by cˆ(u) = f(u, 0). Since 〈cˆ′(u), cˆ′(u)〉 =
E(u, 0) = 1, we have that cˆ(u) is a spacelike curve parametrized by arclength. By
Lemma 2.5, we have that (5.9). 
Proof of Proposition 5.5. By Lemma 4.5,
(5.10) fuu(u, 0) = xfv − Ev
2
ψ, fuv(u, 0) ≡ yfv, ψu(u, 0) ≡ −yψ
holds along the u-axis, where a ≡ b if a − b is parallel to e(u) = fu(u, 0). Then,
the causal curvature function θ(u) of cˆ(u) is written as
θ = 〈fuu(u, 0), fuu(u, 0)〉 = −Evx.
Since Ev(0, 0) 6= 0 holds by Lemma 5.6, we obtain (5.4).
Case I : cˆ(u) is a Frenet curve. By (5.10), we have cˆ′(u) = fu(u, 0), cˆ′′(u) =
fuu(u, 0) = −xfv + Ev2 ψ, and
cˆ′′′(u) = fuuu(u, 0) ≡ (x′ + xy)fv + 1
2
(Evy − Euv)ψ.
Then, it holds that
det(cˆ′, cˆ′′, cˆ′′′) =
(
Evxy − 1
2
Euvx+
1
2
Evx
′
)
det (fu, fv, ψ)
= ǫ
(
−θy − 1
2
Euvx+
1
2
Evx
′
)
,
where ǫ = det (fu(u, 0), fv(u, 0), ψ(u, 0)) ∈ {1,−1} (cf. Lemma 4.4). On the other
hand, (5.1) yields that −θτ = det(cˆ′, cˆ′′, cˆ′′′), which implies (5.5). With respect to
(5.6), we have e(0) = fu(0, 0),
n(0) =
1√|θ|fuu
∣∣∣∣∣
(u,v)=(0,0)
=
1√|θ|
(
xfv − Ev
2
ψ
)∣∣∣∣∣
(u,v)=(0,0)
and
b(0) = σe(0)× n(0) = ǫσ√|θ|
(
xfv +
Ev
2
ψ
)∣∣∣∣∣
(u,v)=(0,0)
,
where we applied Lemma 4.3. Thus, we obtain (5.6).
Case II : cˆ(u) is of type L. Since θ(u) = 0, we have x(u) = 0. By (5.10), the
curvature vector field κ(u) = cˆ′′(u) is written as κ(u) = −Ev2 ψ(u, 0). Hence, the
pseudo-binormal vector field β(u) is parallel to fv(u, 0). Since 〈β(u),κ(u)〉 = 1, we
have β(u) = − 2Ev fv. The derivative β′(u) can be calculated as
b′(u) ≡
(
y − Euv
Ev
)
b(u).
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Since b′(u) ≡ µ(u)b(u) by (5.2), we have (5.7). Moreover, since
det(e, κ, β) = det
(
fu − Ev
2
ψ, − 2
Ev
fv
)
= − det (fu fv, ψ) = −ǫ,
we have the desired result. Since e(0) = fu(0, 0), and
(5.11) κ(0) = −Ev(0, 0)
2
ψ(0, 0), β(0) = − 2
Ev(0, 0)
fv(0, 0),
we obtain (5.8).
Case III : cˆ(u) is of type Lk. By (5.10), the curvature vector field κ(u) = cˆ
′′(u) is
written as κ(u) = xfv − Ev2 ψ(u, 0). Since the pseudo-binormal vector field β(u) is
orthogonal to cˆ′(u), we may set β(u) = P (u) fv + Q(u)ψ, where P (u), Q(u) are
functions. Then, the conditions 〈β(u),κ(u)〉 = 1, 〈β(u),β(u)〉 = 0 imply that
0 = PQ, 1 = −Ev
2
P + xQ.
If P (0) = 0, then 1 = x(0)Q(0). On the other hand, by (5.4), we have x(0) = 0,
which is a contradiction. Hence, we have P (0) 6= 0. Then, we have Q = 0,
P = − 2Ev , and hence β(u) = − 2Ev fv. The derivative β′(u) can be calculated as
b′(u) ≡
(
y − Euv
Ev
)
b(u).
Since b′(u) ≡ µ(u)b(u) by (5.3), we have (5.7). Moreover, since
det(e, κ, β) = det
(
fu xfv − Ev
2
ψ, − 2
Ev
fv
)
= − det (fu fv, ψ) = −ǫ,
we have the desired result. Since κ(0) and β(0) can be calculated as (5.11), we
obtain (5.8). 
Let p ∈ LD be a lightlike point of the second kind of a mixed type surface
f : Σ → L3. As in Definitions 1.1 and 3.18, p is generic if there exists a non-
null curve c(t) (|t| < δ) passing through p = c(0) such that the geodesic curvature
function along c(t) is unbounded at the origin.
Proposition 5.7. Let f : Σ → L3 be a mixed type surface, and let p ∈ Σ be a
generic lightlike point of the second kind. Let c(t) (|t| < δ) be a non-null curve
passing through p = c(0) such that the geodesic curvature function along c(t) is
unbounded at the origin. Let (U ;u, v) be an L-coordinate system associated with
c(t) such that the image of c(t) is included in the u-axis, and
ds2 = E du2 +Gdv2, E(u, 0) = 1
hold. Let ψ be an L-Gauss map and set
x(u) := X(u, 0), y(u) := Y (u, 0),
where X := 〈fuu, ψ〉 , Y := 〈fuv, ψ〉. Then cˆ(u) := f(u, 0) is a unit-speed spacelike
curve of non-zero curvature. Moreover, θ(u) is the causal curvature function of
cˆ(u) if and only if
(5.12) x(u) = − 2θ(u)
Ev(u, 0) + sgn(Ev(0, 0))
√
Ev(u, 0)2 − 4λ(u, 0)θ(u)
holds. Furthermore, set F := (fu, fv, ψ) and ǫ ∈ {1,−1} as ǫ = 1 (resp. ǫ = −1)
if the L-coordinate system (u, v) is p-oriented (resp. n-oriented). Then we have the
following:
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• Consider the case that cˆ(u) is a Frenet curve. Then, τ(u) is the torsion
function of cˆ(u) if and only if y(u) is written as
(5.13) y(u) = ǫτ(u) +
1
2θ
(
Evx
′ − λux2 − Euvx
)
.
Moreover, denote by e(u) (resp. n(u), b(u)) the unit tangent vector field
(resp. the principal normal vector field, the binormal vector field) along
cˆ(u). We also set σ = −1 (resp. σ = 1) if cˆ(u) is of type S (resp. type T ).
Then, F(0, 0) is given by (5.6).
• Consider the case that cˆ(u) is of type L. Then, the L-coordinate system
(u, v) is p-oriented (resp. n-oriented) if and only if cˆ(u) is of type L− (resp.
L+). Moreover, µ(u) is the pseudo-torsion function of cˆ(u) if and only if
y(u) is written as
(5.14) y(u) = µ(u) +
Euv
Ev
.
Furthermore, denote by e(u) (resp. κ(u), β(u)) the unit tangent vector field
(resp. the curvature vector field, the pseudo-binormal vector field) along
cˆ(u). Then, F(0, 0) is given by (5.8).
• Consider the case that cˆ(u) is of type Lk at u = 0. Then, the L-coordinate
system (u, v) is p-oriented (resp. n-oriented) if and only if cˆ(u) is of type
L−k (resp. L
+
k ). Moreover, µ(u) is the pseudo-torsion function of cˆ(u) if
and only if y(u) is written as
(5.15) y(u) = µ(u) +
Euv + λx
′ + λux
Ev + λx
.
Furthermore, denote by e(u) (resp. κ(u), β(u)) the unit tangent vector field
(resp. the curvature vector field, the pseudo-binormal vector field) along
cˆ(u). Then, F(0, 0) is given by (5.8).
Proof. By Lemma 4.5,
fuu = xfv −
(
Ev
2
+ λx
)
ψ, fuv ≡ yfv +
(
λu
2
− λy
)
ψ, ψu ≡ −yψ
hold along the u-axis. Here, a ≡ b if a− b is parallel to e(u) = fu(u, 0). Moreover,
we used the identity G(u, 0) = λ(u, 0)/E(u, 0) = λ(u, 0). Since λ(0, 0) = 0,
cˆ′′(0) = fuu(0, 0) = x(0)fv(0, 0)− Ev(0, 0)
2
ψ(0, 0)
holds. By Lemma 3.19, the genericity of c at p implies Ev(0, 0) = 0. And hence,
cˆ′′(0) 6= 0 holds.
The causal curvature function θ(u) := 〈cˆ′′(u), cˆ′′(u)〉 can be calculated as
θ = 〈fuu(u, 0), fuu(u, 0)〉 = −Evx− x2λ.
Namely,
(5.16) λ(u, 0)x(u)2 + Ev(u, 0)x(u) + θ(u) = 0
holds. Since the intersection of Image(c) and LD is {p}, it holds that λ(u, 0) 6= 0
for u 6= 0. Then, x(u) is given by
x(u) =
−Ev(u, 0)±
√
Ev(u, 0)2 − 4λ(u, 0)θ(u)
2λ(u, 0)
.
Since the denominator converges to 0 and x(u) is bounded at u = 0, the limit of
the numerator
lim
u→0
(
−Ev(u, 0)±
√
Ev(u, 0)2 − 4λ(u, 0)θ(u)
)
= −Ev(0, 0)± |Ev(0, 0)|
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must be 0. Hence, we have
x(u) =
−Ev(u, 0) + sgn(Ev)
√
Ev(u, 0)2 − 4λ(u, 0)θ(u)
2λ(u, 0)
= − 2θ(u)
Ev(u, 0) + sgn(Ev)
√
Ev(u, 0)2 − 4λ(u, 0)θ(u)
,
which yields (5.12).
Case I : cˆ(u) is a Frenet curve. By (5.10), we have cˆ′(u) = fu(u, 0), cˆ′′(u) =
fuu(u, 0) = xfv − (Ev2 + λx)ψ, and
cˆ′′′(u) = fuuu(u, 0) ≡ (x′ + xy)fv +
(
1
2
Evy − 1
2
Euv − λx′ − 1
2
λux
)
ψ.
Applying (5.16), we have
det(cˆ′, cˆ′′, cˆ′′′) =
(
−θy + 1
2
(
Evx
′ − Euvx− λux2
))
det (fu, fv, ψ)
= ǫ
(
−θy + 1
2
(
Evx
′ − Euvx− λux2
))
,
where ǫ = det (fu(u, 0), fv(u, 0), ψ(u, 0)) ∈ {1,−1} (cf. Lemma 4.4). Hence, (5.1)
yields (5.13).
Case II : cˆ(u) is of type L. Since θ(u) = 0, we have x(u) = 0. By (5.10), the
curvature vector field κ(u) = cˆ′′(u) is written as κ(u) = −Ev2 ψ(u, 0). On the other
hand, since the pseudo-binormal vector field β(u) is orthogonal to e(u) = fu(u, 0),
we may set β(u) = Pfv +Qψ. By 〈β(u),κ(u)〉 = 1 and 〈β(u),β(u)〉 = 0, we have
P = −2/Ev, Q = λ/Ev. Hence
β(u) =
1
Ev
(−2fv + λψ)
holds. Then, substituting κ′(u) ≡ − 12 (Euv − Evy)ψ into µ = −〈β(u),κ′(u)〉, we
have (5.14).
Case III : cˆ(u) is of type Lk. By (5.10), the curvature vector field κ(u) = cˆ
′′(u)
is written as κ(u) = xfv −
(
Ev
2 + λx
)
ψ. Since the pseudo-binormal vector field
β(u) is orthogonal to cˆ′(u), we may set β(u) = P (u) fv + Q(u)ψ, where P (u),
Q(u) are functions. If P (0) = 0, then β(0) is parallel to ψ(0, 0). On the other
hand, by (5.12), we have x(0) = 0. Hence, κ(0) is also parallel to ψ(0, 0), which
is a contradiction. Therefore, P (0) 6= 0. Then, the conditions 〈β(u),κ(u)〉 = 1,
〈β(u),β(u)〉 = 0 imply that P = −2/(Ev + λx), Q = λ/(Ev + λx), namely,
b(u) =
1
Ev + λx
(−2fv + λψ)
holds. The derivative β′(u) can be calculated as
b′(u) ≡
(
y − Euv + λx
′ + λux
Ev + λx
)
b(u).
Since b′(u) ≡ µ(u)b(u) by (5.3), we have (5.15).
Finally, by a calculation similar to that done in the proof of Proposition 5.5, we
obtain that F(0, 0) is given by (5.6) (resp. (5.8)) if cˆ(u) is of a Frenet curve (resp.
a non-Frenet curve), which yields the desired result. 
6. Proof of main results
In this section, we prove Theorem A, Corollaries B and C in the introduction.
We also prove the extrinsicity of the lightlike geodesic torsion κG (Corollary 6.7).
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6.1. Isometric realizations of generic mixed type metrics. Using Proposi-
tions 5.5 and 5.7, we have the following.
Theorem 6.1. Let g be a real analytic generic mixed type metric on a real analytic
2-manifold Σ, and let p ∈ Σ be a semidefinite point. We also let c(t) (|t| < δ) be
either
• a characteristic curve passing through p = c(0), if p is type I, or
• a regular curve which is non-null at p = c(0) such that the geodesic curva-
ture function is unbounded at t = 0, if p is type II,
where δ > 0. Take a real analytic spacelike curve γ : I → L3 with non-zero
curvature passing through γ(0) = 0 and set the image Γ := γ(I) of γ, where I is an
open interval including the origin 0. Set Zγ as
Zγ :=
{
{1, 2, 3, 4} (if γ is a Frenet curve),
{1, 2} (if γ is a non-Frenet curve).
Then, there exist a neighborhood U of p and real analytic mixed type surfaces fi :
U → L3 (i ∈ Zγ) such that, for each i ∈ Zγ ,
(1) the first fundamental form of fi coincides with g,
(2) fi(p) = 0, and the image of fi ◦ c(t) is included in Γ.
Moreover, there are no such surfaces other than fi (i ∈ Zγ). More precisely, if f˜ :
U → L3 is a real analytic generic mixed type surface which satisfies the conditions
(1) and (2), then there exists an open neighborhood O of p such that the image f˜(O)
is a subset of fi(U) for some i ∈ Zγ.
Proof. Let (V ;u, v) be an L-coordinate system along c(u) = (u, 0). Then, the
metric g can be represented as
g = E du2 +Gdv2, E(u, 0) = 1, Ev 6= 0.
Without loss of generality, we may assume that the spacelike curve γ(u) is parametrized
by arclength and I is given by I = (−δ, δ), where δ is a positive real number. Since
γ(u) has non-zero curvature and is real analytic, the spacelike curve γ(u) is either
a Frenet curve (i.e. type S or type T ) or a non-Frenet curve (i.e. type L or type
Lk (k = 1, 2, 3, . . . )). Let θ(u) be the causal curvature function, and let τ(u) (resp.
µ(u)) be the torsion (resp. pseudo-torsion) function of γ(u), respectively.
(i) The case that γ(u) is a Frenet curve: Take ǫ ∈ {1,−1}, arbitrarily.
• If p is type I, we set functions x(u), y(u) as in (5.4), (5.5), respectively.
• If p is type II, we set functions x(u), y(u) as in (5.12), (5.13), respectively.
Consider the system of partial differential equations
(6.1) Xv =
1
2E
(EvX + EuY )+X∆− Y 2+ Yu, Yv = − 1
2E
(GuX + EvY )+∆u
with unknown functions X(u, v), Y (u, v), where
(6.2) ∆ :=
1
2GX − Ev
(
Evv +Guu − EuGu + E
2
v
2E
−GvX + 2GuY + 2GY 2
)
.
We remark that 2GX − Ev 6= 0 holds on a neighborhood of the origin (0, 0), since
G(0, 0) = 0 and Ev 6= 0. By the Cauchy-Kowalevski theorem, we have the unique
solution X(u, v), Y (u, v), defined on a neighborhood U of (0, 0), to (6.1) with the
initial condition
X(u, 0) = x(u), Y (u, 0) = y(u).
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We set Z(u, v) := ∆ and h := X du2 + 2Y du dv + Z dv2. Then, we have that
X(u, v), Y (u, v) and Z(u, v) solve (C1), (C2), (G). Note that the Gauss equation
(G) is equivalent to Z = ∆. By Corollary 4.8 with the initial condition
f(0, 0) = 0, F(0, 0) = (5.6),
there exist an open neighborhood U of (0, 0), and a unique real analytic mixed type
surface f1 : U → L3 (resp. f2 : U → L3) having the L-Gauss map ψ1 : U → Λ2
(resp. ψ2 : U → L3) such that
• the first fundamental form ds2 of f1 (resp. f2) coincides with g,
• the second fundamental form IIψ1 (resp. IIψ2) associated with ψ1 (resp. ψ2)
is given by h, and
• detF1 > 0, namely, ǫ = 1 (resp. detF2 < 0, namely, ǫ = −1),
where we set Fi := ((fi)u, (fi)u, ψi) for i = 1, 2. By Propositions 5.5 and 5.7, we
have that cˆi(u) := fi(u, 0) is a unit-speed spacelike curve whose causal curvature
function (resp. torsion function, pseudo-torsion function) coincides with θ(u) (resp.
τ(u), µ(u)). By Proposition 5.2, we have cˆi(u) = γ(u) for i = 1, 2.
(ii) The case that γ(u) is a non-Frenet curve: Although the steps to follow are
almost the same as in the case (i), we do not have the ambiguity of ǫ ∈ {1,−1}.
• If p is type I, we set functions x(u), y(u) as in (5.4), (5.7), respectively.
• If p is type II, we set x(u) as in (5.12). Also set y(u) as in (5.14) (resp.
(5.15)) if γ(t) is of type L (resp. type Lk at u = 0).
Consider the system of partial differential equations (6.1) with unknown functions
X(u, v), Y (u, v), where ∆ is given by (6.2). By the Cauchy-Kowalevski theorem, we
have the unique solution X(u, v), Y (u, v), defined on a neighborhood U of (0, 0), to
(6.1) with the initial condition X(u, 0) = x(u), Y (u, 0) = y(u).We set Z(u, v) := ∆
and h := X du2+2Y du dv+Z dv2. Then, we have that X(u, v), Y (u, v) and Z(u, v)
solve (C1), (C2), (G). By Corollary 4.8 with the initial condition
f(0, 0) = 0, F(0, 0) = (5.8),
there exist an open neighborhood U of (0, 0), and a unique real analytic mixed type
surface f1 : U → L3 having the L-Gauss maps ψ1 : U → Λ2 such that
• the first fundamental form ds2 of f1 coincides with g,
• the second fundamental form IIψ1 associated with ψ1 is given by h.
By Propositions 5.5 and 5.7, we have that cˆ1(u) := f1(u, 0) is a unit-speed space-
like curve whose causal curvature function (resp. torsion function, pseudo-torsion
function) coincides with θ(u) (resp. τ(u), µ(u)). By Propositions 5.3 and 5.4, we
have cˆ1(u) = γ(u).
On the other hand, γ¯(u) := γ(−u) also parametrizes Γ. Hence, replacing γ(u)
with γ¯(u) in the above argument, we obtain f3, f4 : U → L3 (resp. f2 : U → L3) if
γ is a Frenet curve (resp. a non-Frenet curve), which yields the desired result. 
As a direct corollary of Theorem 6.1, we obtain the following.
Corollary 6.2. Let g be a real analytic generic mixed type metric on a connected
real analytic 2-manifold Σ. For a semidefinite point p ∈ S(g), there exists a neigh-
borhood U of p and a real analytic mixed type surface f : U → L3 such that g
coincides with the first fundamental form ds2 of f .
Corollary 6.2 may be regarded as an analogue of the well-known Janet–Cartan
theorem [17, 5].
Proof of Theorem A. Set g as the first fundamental form g := ds2 of f . Applying
Theorem 6.1, we obtain the desired surfaces fi (i ∈ Zγ). 
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Example 6.3 (The case of #Zγ = 4). Let f1 : U → L3 be a mixed type surface
defined by
f1(u, v) =

(1− α+(u, v)) cosu− 1(1− α+(u, v)) sinu
α−(u, v)

 (α±(u, v) := (u+ 2)
(
v ± 1
2
v2
))
,
where U := (−1, 1) × (−1/4, 1/4). Figure 1 shows the image of f1. The lightlike
point set LD of f1 is given by the u-axis, and ∂v gives the null vector field, which
implies that every lightlike point (u, 0) ∈ LD of f1 is of the first kind. Moreover,
every lightlike point (u, 0) is generic (i.e. the lightlike singular curvature κL(u) does
not vanish). The lightlike set image f1(LD) is contained in the unit circle
Γ :=
{
(x1, x2, 0)
T ∈ L3 ; (x1 + 1)2 + (x2)2 = 1
}
.
We remark that Γ is parametrized by γ(u) = (cos u − 1, sinu, 0)T , which is a
spacelike Frenet curve. We set
f2 := Sf1, f3 := Rf1, f4 := RSf1,
where S (resp. R) is the matrix given in (2.1) (resp. (4.9)). Figure 3 shows the
images of these four surfaces fi for i ∈ {1, 2, 3, 4}. Since S,R ∈ O(1, 2), each fi
(i = 2, 3, 4) is congruent to f1. And hence, the first fundamental forms of fi are the
same. Moreover, for each i = 1, 2, 3, 4, the lightlike set images fi(LD) is included
in the unit circle Γ. More precisely, it holds that
fi(u, 0) =
{
γ(u) (for i = 1, 2),
γ(−u) (for i = 3, 4).
Note that the orientation of the lightlike set images fi(LD) for i = 1, 2 does not
coincide with that of fi(LD) for i = 3, 4. So these surfaces satisfy the conditions
(1), (2) in Theorem A.
The image of f4. The image of f2.
The image of f3. The image of f1 (cf. Figure 1).
Figure 3. The images of the four mixed type surfaces fi (i =
1, 2, 3, 4) in Example 6.3. The dark (resp. light) colored region is
the image of spacelike (resp. timelike) point set. The boundary
curve implies the lightlike set image, which is included in the unit
circle Γ. Figure 3 shows the union ∪4i=1fi(U) of the images of fi
(i = 1, 2, 3, 4). The image of f1 is given in Figure 1.
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Example 6.4 (The case of #Zγ = 2). Let f1 : U → L3 be a mixed type surface
defined by
f1(u, v) = γ(u) + (u+ 2)v (−ξ(u) + v ζ) ,
where we set U := (−1, 1)× (−1/8, 1/8), and
γ(u) :=

 u−u2/2
u2/2

 , ξ(u) :=

 2u1− u2
1 + u2

 , ζ :=

 0−1
1

 .
Figure 4 shows the image of f1. Every lightlike point (u, 0) ∈ LD of f1 is of the first
kind. In fact, the lightlike point set LD of f1 is given by the u-axis, and ∂v gives the
null vector field. Moreover, every lightlike point (u, 0) is generic (i.e. the lightlike
singular curvature κL(u) does not vanish). The spacelike curve γ(u) parametrizes
the lightlike set image f1(LD) of f1. Remark that γ(u) is of type L, and hence, it
is a non-Frenet curve. We set f2 := Mf1, where M is the diagonal matrix given
by M := diag(−1, 1, 1). Figure 5 shows the images of these two surfaces f1 and f2.
Since M ∈ O(1, 2), each f2 is congruent to f1. And hence, the first fundamental
forms of f1 and f2 are the same. Moreover, the lightlike set image f1(LD) of f1
coincides with f2(LD). More precisely, it holds that
fi(u, 0) =
{
γ(u) (for i = 1),
γ(−u) (for i = 2).
Note that the orientation of the lightlike set images f1(LD) does not coincide with
that of f2(LD). So these surfaces satisfy the conditions (1), (2) in Theorem A.
Figure 4. Image of the mixed type surface f1 in Example 6.4. In
the right figure, the dark (resp. light) colored region is the image
of spacelike (resp. timelike) point set.
Figure 5. The left figure shows the image of the mixed type sur-
face f2 in Example 6.4. The right figure is the union of the images
of f1 and f2. The thick curve is the image of their lightlike point
sets, which is a common spacelike non-Frenet curve.
Proof of Corollary B. Let f : Σ→ L3 be a real analytic generic mixed type surface,
and let p ∈ LD be a lightlike point. Without loss of generality, we may suppose
that f(p) = 0. Let c(t) (|t| < δ) be either
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• a characteristic curve passing through p = c(0), if p is of the first kind, or
• a regular curve which is non-null at p = c(0) such that the geodesic curva-
ture function is unbounded at t = 0, if p is the second kind.
We set γ(t) := f ◦ c(t), which is a real analytic spacelike curve with non-zero
curvature passing through γ(0) = 0. We also set the image Γ := γ((−δ, δ)) of γ.
Here, we deal with the case that γ(t) = f ◦ c(t) is a Frenet curve. Similar proof can
be applied to the case that γ(t) is a non-Frenet curve. Let θ(u) (resp. τ(u)) be the
causal curvature (resp. the torsion) function of γ(u). We set
θs(u) := e
sθ(u), τs(u) := τ(u)
for a constant s ∈ [−1, 1]. Let γs(u) be a real analytic spacelike curve in L3 with
non-zero curvature such that the causal curvature (resp. the torsion) function of
γs(u) is given by θs(u) (resp. τs(u)). We remark that if γ(u) is of type S (resp.
type T ), then so is γs(u). By a suitable choice of the initial condition of γs(u),
we have that γs(u) is a deformation of γ(u), namely, γ0(u) = γ(u) holds. We set
Γs := γs((−δ, δ)) of γs. By Theorem 6.1, for each s, there exist a neighborhood Us
of p and four real analytic mixed type surfaces f si : Us → L3 (i = 1, 2, 3, 4) such
that
(1) the first fundamental form of f si coincides with ds
2,
(2) f si (p) = 0, and the image of f
s
i ◦ c(t) is included in Γs
for each i = 1, 2, 3, 4. By the uniqueness of Theorem 6.1, f : U → L3 coincides with
either f01 , f
0
2 , f
0
3 or f
0
4 . Without loss of generality, we may assume that f = f
0
1
holds. Then, f s := f s1 gives the desired non-trivial isometric deformation of f . 
6.2. Extrinsicity of lightlike normal curvature. In the case of vanishing light-
like singular curvature κL = 0, the lightlike normal curvature κN is shown to be
intrinsic:
Fact 6.5 ([14, Corollary C]). Let f : Σ→ L3 be a mixed type surface, and let p ∈ Σ
be a lightlike point of the first kind. If κL = 0 holds along the characteristic curve
near p, then the lightlike normal curvature κN is an intrinsic invariant.
Hence, the remaining case is that the lightlike singular curvature κL does not
vanish at p, namely p is a generic lightlike point of the first kind. Applying Theorem
A, we prove the extrinsicity of κN (Corollary C). We also prove the extrinsicity of
κG (Corollary 6.7). To prove them, we prepare the following:
Lemma 6.6. Let f : Σ → L3 be a mixed type surface, and let p ∈ Σ be a generic
lightlike point of the first kind. Let (U ;u, v) be an L-coordinate system associated
with the lightlike set at p. Set ds2 = E du2 + Gdv2. Then, the lightlike normal
curvature κN is written as
(6.3) κN (u) = −
3
√
Gv(u, 0)
Ev(u, 0)
θ(u).
Moreover, set ǫ ∈ {1,−1} as ǫ = 1 (resp. ǫ = −1) if the L-coordinate system (u, v)
is p-oriented (resp. n-oriented). Then, the lightlike geodesic torsion κG(u) along
the u-axis is given by
(6.4)
κG(u) =


Guv(u, 0)
3Gv(u, 0)
− ǫτ(u)− Euv(u, 0)
Ev(u, 0)
+
θ′(u)
2θ(u)
(if cˆ(u) is Frenet),
Guv(u, 0)
3Gv(u, 0)
− µ(u)− Euv(u, 0)
Ev(u, 0)
(if cˆ(u) is non-Frenet),
where cˆ(u) := f(u, 0), and θ(u) (resp. τ(u), µ(u)) is the curvature (resp. torsion,
pseudo-torsion) function along cˆ(u).
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Proof. By (2.10),
κN (u) =
3
√
η 〈df(η), df(η)〉 〈cˆ′′(t), N(t)〉 = 3
√
Gv(u, 0)x(u)
holds. Then, (5.4) in Proposition 5.5 implies (6.3). By (2.11), κG(u) is written as
κG(u) = 〈fv, ψu〉+ Guv
3Gv
= −y(u) + Guv
3Gv
along the u-axis. By Proposition 5.5, we obtain (6.4). 
Proof of Corollary C. Let f : Σ→ L3 be a real analytic generic mixed type surface,
and let p ∈ LD be a lightlike point of the first kind. Taking an L-coordinate system
(V ;u, v) associated with the characteristic curve passing through p = (0, 0), the
lightlike set image f(LD) is parametrized by cˆ(u) := f(u, 0). Let θ(u) be the
causal curvature function of cˆ(u) and set
θs(u) := θ(u) + s
for some non-zero constant s ∈ R. Let γs(u) be a real analytic spacelike curve
in L3 with non-zero curvature such that the causal curvature function of γ(u) is
given by θs(u). By Theorem A, there exists a neighborhood U ⊂ V of p and a
real analytic mixed type surface f s : U → L3 such that f s and f have the same
fundamental form ds2 on U , and f s(u, 0) = γs(u) (|u| < δ) for sufficiently small
δ > 0. Denote the lightlike normal curvature of f (resp. f s) along the u-axis by
κN (u) (resp. κ
s
N (u)). By Lemma 6.6, it holds that
κN(u)− κsN (u) = s
3
√
Gv(u, 0)
Ev(u, 0)
.
Hence we have κsN (u) 6= κN (u), which yields the desired result. 
Similarly, we obtain the following.
Corollary 6.7. The lightlike geodesic torsion κG is an extrinsic invariant.
Proof. As in the proof of Corollary C, take a real analytic generic mixed type
surface f : Σ→ L3 and a lightlike point p ∈ LD of the first kind. Suppose that the
lightlike set image f(LD) is a spacelike curve of type S near f(p). Taking an L-
coordinate system (V ;u, v) associated with the characteristic curve passing through
p = (0, 0), the parametrization cˆ(u) := f(u, 0) (|u| < δ) of f(LD) satisfies θ(u) > 0
for sufficiently small δ > 0. We also suppose that θ′(u) 6= 0. Set θs(u) := θ(u) + s
for some positive constant s ∈ R. Let γs(u) be a real analytic spacelike curve in
L3 with non-zero curvature such that the causal curvature function of γ(u) is given
by θs(u).
By Theorem A, there exists a neighborhood U ⊂ V of p and a real analytic
mixed type surface f s : U → L3 such that f s and f have the same fundamental
form ds2 on U , and f s(u, 0) = γs(u) (|u| < δ) for sufficiently small δ > 0. Denote
the lightlike geodesic torsion of f (resp. f s) along the u-axis by κG(u) (resp. κ
s
G(u)).
By Lemma 6.6, it holds that
κG(u)− κsG(u) =
sθ′(u)
2θ(u)θs(u)
.
Hence we have κsG(u) 6= κG(u), which yields the desired result. 
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